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Abstract
Size effects have been predicted at the micro- or nano-scale for porous ductile materials from Molecular Dynamics,
Discrete Dislocation Dynamics and Continuum Mechanics numerical simulations, as a consequence of Geometrically
Necessary Dislocations or due to the presence of a void matrix interface. As voids size decreases, higher stresses are
needed to deform the material, for a given porosity. However, the majority of the homogenized models for porous
materials used in ductile fracture modeling are size-independent, even though micrometric or nanometric voids are
commonly observed in structural materials. Based on yield criteria proposed in the literature for nanoporous materials,
a size-dependent homogenized model for porous materials is proposed for axisymmetric loading conditions, including
void growth and coalescence as well as void shape effects. Numerical implementation of the constitutive equations is
detailed. The homogenized model is validated through comparisons to porous unit cells finite element simulations that
consider interfacial stresses, consistently with the model used for the derivation of the yield criteria, aiming at modeling
an additional hardening at the void matrix interface. Potential improvements of the model are finally discussed with
respect to the theoretical derivation of refined yield criteria and evolution laws.
Keywords: Porous materials, Homogenized model, Ductile fracture, Size effects
1. Introduction
Ductile fracture through void growth to coalescence has been extensively studied from experimental,
theoretical and numerical perspectives [1, 2, 3, 4], emphasizing the major roles played by porosity (void vol-
ume fraction) and stress triaxiality (ratio of the mean stress to the equivalent - deviatoric - stress). Numerous
homogenized yield criteria for porous materials have been derived theoretically and validated numerically,
incorporating the effects of porosity and stress triaxiality [5, 6, 7], void shapes [8] and matrix material
anisotropy [9] or both [10, 11, 12]. Complete sets of constitutive equations for porous materials have sub-
sequently been proposed based on these yield criteria, requiring adding evolution laws for the additional
internal state variables (porosity, void shape, ...), strain-hardening, multi-criteria selection (growth vs. co-
alescence), as well as a finite-strain framework (see, e.g., [2]). Recent contributions tackle modelling of
crystallographic effects observed when void size is below the grain size, i.e., porous single crystals, mo-
tivated by the numerous submicrometric voids revealed through X-ray tomography in standard structural
steels [13] or by the use of single crystals in structural components. A strong effect of crystallographic
orientations on void growth has been observed experimentally [14, 15] and numerically through 3D unit
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cell simulations [16, 17, 18]. Homogenized yield criteria for porous single crystals have been developed to
account for the effects of crystal orientation [19, 20, 21, 22, 23].
Most of these homogenized models for porous materials are size-independent, assuming implicitly that
only void volume fraction matters irrespectively of void size, although porous materials with voids ranging
from micrometric [13] down to nanometric sizes [24, 25] are encountered in industrial applications. More-
over, size effects have been predicted from theoretical and numerical studies. A first kind of size effect,
occurring when voids size is lower than the dislocation mean free-path, has been revealed through Discrete
Dislocation Dynamics (DDD) simulations [26]. In such situations, dislocations exhaustion can lead to the
absence of void growth under mechanical loading. A second kind of size effect is related, in a broad sense,
to an additional hardening at or close to the void matrix interface. Strain gradient (crystal-)plasticity models
- accounting for the presence of Geometrically Necessary Dislocations [27] to extend conventional plas-
ticity to lower scales - have been used in porous unit cells simulations (see [28, 29, 30, 31] and reference
therein), showing a strong effect of the void size on both void growth rate and strength of the porous mate-
rial, consistently with DDD simulations [32]. Numerous Molecular Dynamics (MD) studies have also been
performed to assess the strength of (nano-)porous materials, considering voids in an initially dislocation free
matrix material ([33, 34, 35] and references therein). Plasticity occurs through dislocation emission from
void matrix interface [36], and an influence of surface tension on dislocation emission has been observed
[37, 38], leading to higher strength for smaller voids. While theoretical arguments and numerical predictions
regarding void size effects appear sound, it should be emphasized that, to the authors’ knowledge, no clear
experimental evidence of void size effect on growth rate has been reported so far.
Size-dependent homogenized yield criteria for porous materials have been proposed incorporating such
additional hardening at or close to the void matrix interface. Considering strain-gradient plasticity for
the matrix material, isotropic Gurson-type (assuming spherical voids) yield criteria have been derived in
[39, 40, 41] that depend on the ratio between the void size and the lengthscale introduced through the strain-
gradient plasticity model. Adding evolution laws, the homogenized model for porous materials based on
the criterion proposed in [41] shows hardening as voids size decreases. Considering interface stresses, size-
dependent isotropic yield criteria for both spherical and spheroidal voids in the growth regime have been
derived in [42, 43] and validated in [44, 45], the latter describing a homogenized model based on the yield
criterion for spherical voids [42]. A coalescence criterion has been proposed considering interface stresses,
for spheroidal voids [46]. All these yield criteria for porous materials were derived in the continuum me-
chanics framework, assuming that plastic flow occurs at a scale well below the void size, which might be
questionable for very small voids. Recent experimental observations however show clear evidences of ho-
mogeneous deformation of nanometric voids [47, 48], justifying the use of continuum models for porous
materials down to the nanometric range, at least for applications involving large strain levels and/or large
initial dislocations (sources) density. To the authors’ knowledge, no size-dependent homogenized yield cri-
terion for porous single crystals is available in the literature. In addition, no size-dependent homogenized
model for porous materials including void growth and coalescence regimes, as well as voids shape effects,
has been described in the literature.
Therefore, the aim of this study is to provide a size- and shape-dependent homogenized model for
isotropic porous materials, with a description of the numerical implementation as well as validation of the
model through comparisons to unit cells simulations. Yield criteria proposed in [43] for the growth regime
and [46] for the coalescence regime that consider spheroidal (nano-)voids are used. In section 2, the con-
stitutive equations are detailed, as well as the numerical implementation. Section 3 describes the reference
finite strain unit cells simulations and the comparisons between the unit cells results and homogenized model
predictions. The perspectives of this study are finally discussed in Section 4.
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2. Description of the size-dependent homogenized model for isotropic porous materials
Underline A and bold A symbols refer to vectors and second-order tensors, respectively. A cartesian
orthonormal basis {ex, ey, ez} along with coordinates {x, y, z} are used. A′ is the deviator of a second-order
tensor A′ = A−[trA/3] I. Equivalent stress and strain-(rate) are computed according to σeq =
√
[3/2]σ′ : σ′
and ε˙eq =
√
[2/3]ε˙′ : ε˙′.
2.1. Synthesis of the modeling hypothesis
The starting point of the size-dependent yield criteria for porous materials derived in [43] and [46] is
the concept of interface stresses developed by Gurtin & Murdoch [49]. Dormieux & Kondo [42] proposed,
for nanoporous materials, to consider a void matrix interface with continuity of the displacement and dis-
continuity of the traction vector, through the presence of either residual or deformation interface stresses.
In the framework of limit analysis [2] which deals only with finding the strength of some Representative
Volume Element (RVE), and restricting to tensile loading, both approaches (residual vs. deformation in-
terfacial stresses) lead to similar predictions regarding the strength of porous materials. From an energetic
point of view, such modeling leads to an interfacial dissipation dEint ∼ γdS (with γ the surface energy) to be
compared to the dissipation of the matrix material around voids. As a working example, for the hydrostatic
loading of a porous isotropic material, with spherical voids of radius R, the interfacial dissipation can be writ-
ten as dEint ∼ γRdR while the plastic dissipation in the matrix material can be written as dEmat ∼ σ0R2dR
(with σ0 the matrix material yield stress). Balancing both equations leads to the definition of a natural
dimensionless strength of the interface:
Γ =
γ
σ0R
(1)
that relates the interfacial dissipation to the volumic dissipation. For Γ  1, the strength of the interface
is negligible compared to the strength of the bulk that sets the strength of the porous materials. On the
contrary, for Γ ∼ 1, the strength of the RVE will strongly depend on the interface strength, leading to size-
dependent yield criteria as shown by the inverse dependence of Γ on the void size in Eq. 1. Following this
approach and the yield criteria derived in [43] and [46], in order to provide a size-dependent homogenized
model for porous isotropic materials, the next step forward is the numerical implementation of the model
and its validation. This requires adding elasticity, hardening and evolution laws for the state variables to
the yield criteria, performing the numerical integration of these constitutive equations, and finally validating
the homogenized model with respect to porous unit cell simulations with the same modeling hypothesis
than for the theoretical derivation. Such step has already been tackled partially in [45] with the numerical
implementation of growth yield criterion for spherical voids [42], without validation through comparisons
to unit cell simulations. Therefore, in the following, spheroidal voids are considered, for both growth and
coalescence regimes.
2.2. Constitutive equations
The key ingredients of the size-dependent homogenized model for isotropic porous materials are the
yield criteria derived in [43] in the growth regime, i.e. without strong interactions between voids, and in
[46] for the coalescence regime, i.e. when adjacent voids strongly interact [50]. A yield criterion in the
growth regime has been derived in [43] considering a matrix material surrounding voids obeying von Mises
perfect plasticity with yield stress σ0 and a void matrix interface obeying (2D) von Mises plasticity with
(2D) yield stress γ, as a modelling of interface stresses. Spheroidal voids, with semi-axis a1, b1 and b1, were
considered in a spheroidal confocal unit cell (Fig. 1), with semi-axis a2, b2 and b2. Under axisymmetric
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loading conditions where the main loading direction is oriented along e3 (Fig. 1) porosity f , void aspect
ratio W, cell aspect ratio λ and intervoid distance χ are respectively defined as:
f =
a1b21
a2b22
, W =
a1
b1
, λ =
a2
b2
, χ =
b1
b2
(2)
A dimensionless interfacial strength can be defined as:
Γ =
γ
σ0a1
(3)
where the material lenthscale γ/σ0 is compared to the revolution axis length of the spheroid a12. The yield
criterion can not be recasted into a closed form expression, and the parametric form for axisymmetric loading
conditions is:
Φ
spheroidal
Growth ≤ 0

σm
σ0
= G1(Γ,α, ξ) = U(ξ)f κ
[
1 +
η
3
(1 − 3α2)
]
− 1
3
(1 − ζ)V(ξ) [ξ + (1 − 3α2)] (1 − 3α2)
+ Γ
a1S 1
3V1
h1 + h3ξ
Z(ξ)
σeq
σ0
= G2(Γ,α, ξ) = ηU(ξ)f κ − (1 − ζ)V(ξ)
[
ξ + (1 − 3α2)]
+ Γ
a1S 1
V1
h2ξ + h3
Z(ξ)
(4)
where σeq is the von Mises equivalent stress, σm = σkk/3 the mean stress, f the porosity, σ0 and γ the
yield stresses of the matrix material and interface, respectively. The yield criterion also depends on a list of
geometrical parameters [43] that are defined in Appendix A:
α = {U,V,Z, κ, η, ζ, α2, b1, S 1,V1, h1, h2, h3} (5)
Figure 1. Unit cell used for the derivation of the yield criterion in [43], considering a spheroidal void in a confocal spheroidal unit cell.
Definition of the geometrical parameters: void W and cell λ aspect ratios
2Another (arbitrary) choice would have been to use the axis b1.
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In case of spherical voids (W = 1) without size effects (Γ = 0) the yield criterion described by Eq. 4
reduces to Gurson’s criterion. A closed-form expression of the yield criterion described by Eq. 4 can also
be written without size effects, that requires however an additional parameter to lead to good predictions
when compared to porous unit cell results considering spheroidal voids in orthorhombic cells [51] (as the
one considered in Section 3.1 for unit cells simulations). Unfortunately, due to the absence of closed-form
expression for Eq. 4 in the general case, this additional parameter is introduced in a different way where the
porosity is replaced by an effective porosity:
qW f → f (6)
which is exactly equivalent to [51] for spherical and prolate voids. The parameter qW calibrated in [51] for
Γ = 0 is used in this study (see Appendix A for the mathematical expression), and an extension is proposed
for Γ 6= 0 in Section 3.
Coalescence stresses for porous materials accounting for interfacial stresses have been derived in [46], con-
sidering cylindrical voids of radius b1 and height a1 in cylindrical unit cells of radius b2 and height a2. In that
case although the void and cell shapes are different from the one used for the growth criterion, definitions of
aspect ratio W and intervoid distance λ in Eq. 2 are kept identical. Such coalescence stress - corresponding
to the macroscopic stress perpendicular to the coalescence plane - can be rewritten as a yield criterion [2] -
involving only invariants of the stress tensor - which takes the closed form expression3:
Φ
spheroidal
Coalescence =
σeq
σ0
+
3
2
σm
σ0
− 3
2
C f (χ,W) − 3Γ√
3
W
√
1 + 3χ4 ≤ 0 (7)
where C f is the coalescence stress without size effects (Γ = 0). Different formula have been proposed in the
literature for the parameter C f based on limit analysis and heuristic corrections. The expression proposed in
[52] is used:
C f (χ,W) = t(W, χ)
χ3 − 3χ + 2
3
√
3Wχ
 + b√
3
2 −
√
1 + 3χ4 + ln
1 +
√
1 + 3χ4
3χ2
 (8)
with b = 0.9 and t(W, χ) = [W(−0.84 + 12.9χ)]/[1 + W(−0.84 + 12.9χ)]. Moreover, Eqs. 7, 8 have been
derived for a hexagonal lattice of cylindrical voids (through the approximation of considering a cylindrical
unit-cell). For spheroidal voids in orthorhombic cells (as the one considered in Section 3.1 for unit cells
simulations), an effective intervoid distance can be considered:
qχχ→ χ (9)
following the proposition of [52] that is based on considering an effective porosity in the coalescence layer.
As for the growth criterion where a parameter qW is used (Eq. 6), the parameter qχ aims at correcting the
yield criterion derived for a simplified unit cell - to make analytical derivation possible - to another - more
realistic - one. While the yield criteria in growth and coalescence regimes (Eqs. 4, 7) are the main ingredients
of the model, they shall be supplemented by a description of elasticity as well as with evolutions laws for
3The term proportional to Γ in Eq. 7 differs from the one derived in [46] due the definition of W (with respect to b1 in [46] instead
of a1 in this study).
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the internal state variables. Elasticity is assumed to obey Hooke’s law:
σ =
E
1 + ν
(
εe +
ν
1 − 2ν tr(εe)I
)
(10)
where E is Young’s modulus and ν the Poisson’s ratio. Additive decomposition of elastic and plastic strains
is used:
ε = εe + εp (11)
At a given porosity, limit-analysis framework used to derive the yield criteria keep the normality rule at the
macroscale:
ε˙p = Λ˙
∂Φ
∂σ
Λ˙Φ(σ) = 0 et Λ˙ ≥ 0 (12)
Evolution laws for the geometrical parameters are also required, and are not provided by limit-analysis.
Volume conservation leads to the classical evolution for the porosity:
f˙ = (1 − f )ε˙p,kk (13)
The evolution of all other geometrical parameters - noted α (Eq. 5, Appendix A) - are related to the evolution
of the void aspect ratio W and the unit cell aspect ratio λ, that depends on the active deformation mode. In
the growth regime, the evolutions of unit cell and void aspect ratio are:
Growth regime

λ˙ = λ
(
eV ε˙peV − eT ε˙peT
)
W˙
W
=W(T,Γ) eV ε˙
′
peV +
[
1 − 3β1
f
+ 3β2 − 1
]
I : ε˙p
(14)
where expressions of β1 and β2 are given in Appendix A, with eV the void axis (with respect to which the
parameter W is defined, e.g., e3 in Fig. 1) and eT an axis perpendicular to eV . Evolution law for the void
axis eV can be used as discussed in [2], but the complete model is mainly restricted to axisymmetric loading
conditions with respect to the initial void axis, due to the yield criteria used. The first equation of Eq. 14
comes from geometrical consideration, and corresponds to the elongation (or contraction) of the porous unit
cell, under the assumption of axisymmetric loading conditions. The form of the evolution of the void aspect
ratio is the same as the ones used in [2]. The functionW is an heuristic correction that should be calibrated
against comparisons to numerical unit cells computations. Different expressions are available in [2] and [51]
forW but only for the case Γ = 0. An expression forW has been calibrated in this study, and is given in
Appendix A. For completeness, it should be noticed that non-linear variational approaches have provided
void aspect ratio evolution laws without resorting to heuristic corrections. However, the case of porous ma-
terials with void matrix interface stresses has not been considered to date.
Similarly, Eq. 15 describes the evolutions of the unit cell aspect ratio λ, void aspect ratio W in the coa-
lescence regime that comes from both uniaxial straining conditions prevailing at coalescence and material
incompressibility in the coalescence layer (of height assumed to be equal to the void height) [2]:
Coalescence regime

λ˙ =
3
2
λε˙
p
eq
W˙ =
9
4
λ
χ
[
1 − 2
piχ2
]
ε˙
p
eq
(15)
Transverse intervoid distance χ is also required for the coalescence criterion, and to that extent its evolution
has also to be computed in the growth regime. Since χ does not enter in the growth criterion or growth
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evolution laws, its value is calculated with its definition for a spheroidal void in an orthorhombic unit cell
which corresponds to the void arrangement considered in Section 3.1. It is then corrected by the previously
mentionned parameter qχ before entering the coalescence criterion which has been derived for a cylindrical
porous unit cell. Hence in both cases (growth and coalescence), the expression of the transverse intervoid
distance in Eq. 2 can be rewritten as:
χ =
[
6 fλ
piW
]1/3
(16)
The evolutions of void semi-axis a1 and b1 can be computed based on porosity and void aspect ratio evolu-
tions, required to update the dimensionless interfacial strength Γ:
a˙1
a1
=
1
3
(
f˙
f (1 − f ) + 2
W˙
W
)
b˙1
b1
=
1
3
(
f˙
f (1 − f ) −
W˙
W
)
(17)
A criterion for deformation mode (growth vs. coalescence) selection is necessary. Inspired by the method
proposed in [1] two equivalent stresses σ∗Growth and σ
∗
Coalescence (standing for σ0 in the yield criteria) are
implicitely defined such that:
Φ
spheroidal
Growth (σ
∗
Growth) = 0 Φ
spheroidal
Coalescence(σ
∗
Coalescence) = 0 (18)
For the growth regime σ∗Growth is calculated using a Newton-Raphson algorithm, while for the coalescence
regime σ∗Coalescence is obtained directly. The active deformation mode is the one for which the equivalent
stress is the greatest. Therefore the implemented yield criterion selection is written as follows:
Φspheroidal ≤ 0
 (σ∗Growth − σ0) ≤ 0 if (σ∗Growth ≥ σ∗Coalescence)(σ∗Coalescence − σ0) ≤ 0 if (σ∗Growth < σ∗Coalescence) (19)
Finally, hardening of the matrix material is included following Gurson’s proposal [5] that assumes that the
macroscopic plastic dissipation σ : ε˙p, where σ and ε˙p are the homogenized stress and plastic strain-rate,
respectively, is equal to the sum of local plastic dissipation, assuming constant average plastic strain p in the
matrix material, leading to:
(1 − f )σ0(p) p˙ + 23
S 1
V1
γε˙p,kk = σ : ε˙p (20)
where the first term of the left-hand side of Eq. 20 is the classical one, while the second term is introduced
phenomenologically here to account for the contribution of the interface to the macroscopic plastic dissi-
pation, with S 1 and V1 the surface and volume of the void, respectively. In particular, for a spherical void
of radius R under hydrostatic loading, this additional term is consistent with the dissipated energy through
surface extension of a sphere dEint = γdS 1.
2.3. Numerical implementation
A fully implicit integration scheme for rate-independent plasticity models is often recommended in order
to satisfy all equations at the end of the time step, ensuring numerical stability. However, the complexity of
the governing equations for the geometrical parameters (Appendix A) prevents the analytical calculation of
the jacobian matrix (required to solve the set of non-linear equations obtained by discretizing implicitly the
constitutive equations through Newton-Raphson method). Therefore, the constitutive equations described in
Section 2.2 are discretized according to an implicit scheme for the elastic strain tensor εe, plastic multiplier
Λ, void volume fraction f and average plastic strain in the matrix material p. All other parameters are dis-
cretized explicitly, i.e., are fixed during the time step at their initial value and updated at the end of the time
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step.
Plastic flow rule requires to compute the derivative of the yield criterion with respect to the stress tensor,
which is straightforward for the coalescence criterion:
∂ΦCoalescence
∂σ
=
1
σ0
[
∂σeq
∂σ
+
3
2
∂σm
∂σ
]
=
1
σ0
[
3σ′
2σeq
+
I
2
] (21)
but more intricate when the yield criterion is only available in a parametric form, as for Eq. 4. However,
Morin et al. [45] provided an expression of the plastic normal direction:
∂ΦGrowth
∂σ
= C2
(
−∂σeq
∂ξ
I
3
+
∂σm
∂ξ
3
2
σ′
σeq
)
(22)
For given initial values {εne , pn, fn,αn} and total strain increment ∆ε, the implicit system of equations (corre-
sponding to the discretization of Eq. 11, 12, 13, 20) with respect to {∆εe,∆Λ,∆ f ,∆p} to be solved is:
∆ε − ∆εe − ∆Λ∂Φ
∂σ
(σn+1, pn+1, fn+1,αn) = 0
∆ΛΦ (σn+1, pn+1, fn+1,αn) = 0
∆ f − (1 − fn+1)∆Λtr [Φ (σn+1, pn+1, fn+1,αn)] = 0
σn+1 : ∆Λ
∂Φ
∂σ
(σn+1, pn+1, fn+1,αn) − (1 − fn+1)σ0(pn+1)∆p − αnγ∆Λtr [Φ (σn+1, pn+1, fn+1,αn)] = 0
(23)
Non-linear system of equations (Eq. 23) is solved using Newton-Raphson algorithm in the MFront code
generator [53], where the jacobian matrix is evaluated numerically. Note that while the geometrical pa-
rameters (related to the void and cell aspect ratio W and λ) are assumed to be fixed during the time step,
transverse intervoid distance χ and interfacial strength are computed according to Eqs. 3 and 16, respec-
tively. The evolution of the geometrical parameters are computed explicitly according to Eqs. 13, 14, 15 and
Appendix A:
λn+1 = F
(
λn,∆p
)
Wn+1 = G
(
Wn, fn,Γn, λn,∆p
) (24)
3. Validation of the size-dependent homogenized model for isotropic porous materials
3.1. Unit cell simulations
Finite strain unit cells simulations have been performed to validate the size-dependent homogenized
model for porous materials described in Section 2. Porous cubic cells Ω0 of size L under periodic boundary
conditions with initially spherical voids of radius R0 are considered (Fig. 2), which corresponds to an ini-
tially simple cubic arrangement of spherical voids. Axisymmetric loading conditions are considered. Under
such situation with an isotropic matrix material, external boundaries remain flat and parallel to each others,
allowing to consider only one-eighth of the cell with the following boundary conditions:
Ux(x = 0, y, z) = 0 Ux(x = L/2, y, z) = UL/2x
Uy(x, y = 0, z) = 0 Uy(x, y = L/2, z) = UL/2yz
Uz(x, y, z = 0) = 0 Uz(x, y, z = L/2) = UL/2yz
(25)
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Macroscopic strain and stress of the unit-cell are computed such as:
Exx = ln
1 + 2UL/2xL
 Eyy = ln 1 + 2UL/2yzL
 Ezz = ln 1 + 2UL/2yzL
 (26)
Σ =
1
volΩ
∫
Ω
σdΩ (27)
where σ is the microscopic Cauchy stress, and Ω the deformed unit-cell. Constant macroscopic stress
triaxiality T are imposed:
Σ =
 Σxx 0 00 ηΣxx 00 0 ηΣxx
 Σeq = Σxx(1 − η) Σm = Σxx 1 + 2η3 T = ΣmΣeq = 1 + 2η3(1 − η) (28)
The displacement UL/2x of the external boundary of normal ex is imposed, and forces applied on the external
boundaries of normal ey and ez are updated, for a given time step, during the iterations of the Newton-
Raphson algorithm to solve global equilibrium according to Fy = Fz = ηΣxxS yz, where S yz is the updated
surface of the boundaries, ensuring constant macroscopic stress triaxiality. Isotropic von Mises plasticity
constitutive equations are used for the matrix material, with isotropic hardening according to:
σ0(p) = σ0
(
1 +
p
p0
)m
(29)
while, consistently with the hypothesis used for the derivation of the yield criteria, 2D von Mises plasticity
(of constant 2D plastic yield stress γ) is used for the void matrix interface. In practive, perfectly plastic (of
yield stress σint0 ) shell elements are used, of thickness t such that γ = tσ
int
0 . Details about the modelling of
the void matrix interface in finite element simulations and computation of the macroscopic stress through
Eq. 27 can be found in [46].
Figure 2. Typical mesh used in finite element simulations, considering one-eighth of the unit cell
Simulations have been performed with the finite-element solver Cast3M [54]. A typical mesh is shown on
Fig. 2, where quadratic brick elements and DKT elements are used for the matrix material and void matrix
interface, respectively. Mesh convergence has been assessed for all results presented hereafter. Constitutive
equations have been implemented in the MFront code generator [53], using the finite strain framework
9
(a) Γ0=0 (b) Γ0=0.25
(c) Γ0=0.5 (d) Γ0=1
Figure 3. Field of equivalent plastic strain for different initial interfacial strengths Γ0 under axisymmetric loading conditions (the main
loading direction corresponding to the horizontal axis), for an initial porosity of f=1%, a stress triaxiality of T = 1 and a macroscopic
equivalent plastic strain of Eeq = 0.5.
proposed in [55]. The parameters assessed are the initial porosity f0 and the initial interface strength Γ0
defined as:
f0 =
4piR30
3L3
Γ0 =
γ
σ0R0
(30)
for a hardening exponent of m = 0.1. For each simulation, the evolution of equivalent von Mises macroscopic
stress, equivalent plastic strain, porosity and void aspect ratio are post-processed according to:
Σeq =
√
3
2
Σ′ : Σ′ = Σxx − Σyy Eeq =
√
2
3
E′ : E′ =
2
3
|Exx − Eyy| f = VvoidVtot W =
ax
ay
(31)
In Fig. 3 equivalent plastic strain fields are presented for different values of Γ0 for a stress triaxiality T = 1
and at a macroscopic equivalent plastic strain field of Eeq = 50%. The stress triaxiality T = 1 leads to
prolate void shapes in all cases. The equivalent plastic strain field is more homogeneous for large values of
Γ0. Accordingly, the higher the value of Γ0, the smaller the void deformation. In Fig. 4 equivalent plastic
strain fields are presented for a higher stress triaxiality of T = 3 at a macroscopic equivalent plastic strain
field of Eeq = 10%. It can be observed that for all values of Γ0 voids have an oblate shape. As Γ0 increases,
voids growth is more limited, and void shapes remain more spherical.
3.2. Comparisons between homogenized model predictions and unit cell results
The results of the homogenized model described in Section 2.2 are compared to the results of the unit
cell simulations (Section 3.1) for axisymmetric loading conditions and various values of stress triaxialities
T ∈ [1; 3], initial interfacial strength Γ0 ∈ [0 : 1], initial porosity f0 ∈ [0.001; 0.01] and for a hardening
material m = 0.1. An initial simple cubic lattice (λ0 = 1) of spherical voids (W0 = 1) is considered in all
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(a) Γ0=0 (b) Γ0=0.25
(c) Γ0=0.5 (d) Γ0=1
Figure 4. Field of equivalent plastic strain for different initial interfacial strengths Γ0 under axisymmetric loading conditions (the main
loading direction corresponding to the horizontal axis), for an initial porosity of f=0.1%, a stress triaxiality of T = 3 and a macroscopic
equivalent plastic strain of Eeq = 0.1.
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simulations. For the homogenized model, simulations are performed on a material point using the MTest
software, and constant stress triaxiality is imposed through the use of Lagrange multipliers [53]. The evolu-
tion law for the void aspect ratio has been calibrated and the final expression in given is Appendix A. The
values of the parameters qW (Eq. 6) and qχ (Eq. 9) are described hereafter.
The evolution of the normalized macroscopic von Mises stress Σeq/σ0 as a function of the macroscopic
equivalent strain is given in Fig. 5, for a stress triaxiality T = 1 (Fig. 5a) and T = 3 (Fig. 5b), for an initial
porosity of 0.1%. For low applied stress triaxiality T = 1, a hardening behavior is observed for low applied
strains, followed by a sudden softening corresponding to coalescence [50]. As the initial dimensionless
strength of the interface Γ0 increases, two different effects are observed: a slight hardening at low applied
strains, and more importantly a strong shift of the onset of coalescence towards higher strains. Similar
observations can be made at higher stress triaxiality (Fig. 5b) but with a less marked transition between void
growth and void coalescence regimes.
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Figure 5. Normalized macroscopic von Mises stress as a function of macroscopic equivalent strain for different initial interfacial
strengths Γ0 under axisymmetric loading conditions, for an initial porosity of 0.1% and for stress triaxiality of (a) T = 1 and (b) T = 3.
Points correspond to the results of the unit cell simulations, lines to the homogenized model (with qχ = 0.90 for T = 1, and qχ = 0.62
for T = 3)
The homogenized model is found to be in good agreement with unit cell simulations in the growth
regime, i.e. before the onset of coalescence, for both stress triaxialities and all values of dimensionless
interfacial strength. As the yield criterion proposed in [43] was shown to be very accurate for the unit cell
used in the derivation [44], the agreement observed in Fig. 5 is rooted into the appropriate calibration of both
the parameter qW added to the growth yield criterion, and to the evolution law for the evolution of the void
aspect ratio W. For the former, the expression given in [51] has been used for Γ = 0, with a multiplicative
factor related to Γ, as shown in Appendix A. For the latter, the parameterW in Eq. 14 has been calibrated
based on the unit cell results (Fig. 6a,b), leading to a very good agreement, except for high interfacial strength
(Γ0 = 1), and the final expression is also given in Appendix A. The onset of coalescence in unit cell results,
corresponding to the change of slope in the evolution of macroscopic stress (Fig. 5) related to the transition
from void growth to void coalescence deformation mode, is well captured by the homogenized model, as
well as the evolutions of stress and void aspect ratio in the coalescence regime. However, this agreement is
obtained only through calibrating the parameter qχ (Eq. 16) as a function of stress triaxiality, with qχ = 0.90
for T = 1, and qχ = 0.62 for T = 3. Reminding that this parameter is introduced to use coalescence stresses
derived from cylindrical voids and cylindrical unit cells for more realistic situation such as orthorhombic
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lattice of spheroidal voids, the dependence of qχ to the stress triaxiality can be understood as follows. For
T = 1, an initially spherical void becomes prolate (Fig. 6a), which is a situation where coalescence stress
derived in [52, 46] is very accurate, and qχ accounts only for the difference of the unit cell. The value
calibrated (qχ = 0.90) is close to the value used in [56, 57] for spheroidal voids in orthorhombic unit cells.
For T = 3, an initially spherical void becomes oblate, and coalescence stress derived in [46] is known to
be less accurate in that situation: qχ accounts for both discrepancy of the coalescence yield criterion and
difference of unit cell, hence the different calibrated value than for T = 1. For all situations, the evolution of
porosity (Fig. 6c,d), deriving from mass conservation, is well captured by the homogenized model.
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Figure 6. Void aspect ratio (a,b) and porosity (c,d) as a function of macroscopic equivalent strain for different initial interfacial strengths
Γ0 under axisymmetric loading conditions, for an initial porosity of 0.1% and for stress triaxiality of T = 1 and T = 3. Points correspond
to the results of the unit cell simulations, lines to the homogenized model (with qχ = 0.90 for T = 1, and qχ = 0.62 for T = 3)
Comparisons are made between the results from unit cell simulations and the homogenized model for
a larger value of the initial porosity ( f0 = 1%) in Fig. 7. The evolutions of von Mises stress, void aspect
ratio and porosity are found to be in good agreement in the growth regime, except for the highest interfacial
strength. The quantitative predictions of the onset of coalescence still remains a challenge: the parameter
qχ calibrated as a function of stress triaxiality for the lower value of the initial porosity (Figs. 5, 6) does not
lead to quantitative agreement with the unit cell results. Fig. 7 corresponds to qχ = 0.82 for T = 1 (slightly
lower that the one used for f0 = 0.1%), and qχ = 0.62 for T = 3 (same value than for f0 = 0.1%). With these
values, for T = 1, a good agreement is observed in the coalescence regime regarding the evolutions of von
13
Mises stress, void aspect ratio and porosity for the different initial interfacial strengths considered, while for
T = 3 the agreement is less quantitative.
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Figure 7. Normalized macroscopic von Mises stress (a,b), void aspect ratio (c,d) and porosity (e,f) as a function of macroscopic
equivalent strain for different initial interfacial strengths Γ0 under axisymmetric loading conditions, for an initial porosity of 1% and
for stress triaxiality of T = 1 and T = 3. Points correspond to the results of the unit cell simulations, lines to the homogenized model
(with qχ = 0.82 for T = 1, and qχ = 0.62 for T = 3
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4. Discussion
The comparisons detailed in Section 3 show that the size-dependent homogenized model for isotropic
porous materials under axisymmetric loading conditions described in Section 2 leads to predictions in overall
agreement with reference results obtained through porous unit cell simulations, and therefore can be used to
model porous materials for which size effects are expected. The range of validity of the model comes from
the assumptions used in the derivation of the yield criteria, namely continuum mechanics and isotropic plas-
tic flow. For nanometric voids, the first assumption seems justified in situations where dislocations (sources)
density is high and/or large applied strain, as can be inferred from some experimental results [47, 48]. The
second assumption makes the model relevant for high stress triaxialities, where crystallographic-induced
anisotropy has been shown to affect only weakly void deformation. Finally, although the equations of the
model are presented in general terms, making them usable for arbitrary loading conditions, the yield criteria
used are only valid for axisymmetric loading conditions, as discussed in Section 2.2. Discrepancies between
model predictions and reference results have been observed, requiring theoretical investigations to improve
the current model. These investigations are outside the scope of this study, but potential research axis are de-
scribed hereafter. The growth yield criterion used has been shown in [43] to be very accurate by comparison
to numerical results obtained for the same geometry used in the derivation, i.e., confocal spheroidal void and
cell [44]. Using this criterion for an initially simple cubic lattice of spherical voids, and including hardening,
leads to results in good agreement with reference results, but requires calibrating a parameter qW . A refined
yield criterion is thus needed to prevent the use of this parameter, for example using non-linear variational
homogenization as done for the development of models for porous materials without size effects [12]. This
approach would also lead to theoretical expression for the evolution of void aspect ratio, removing the need
for calibration. The modeling of void coalescence also requires improvements: most of the models pre-
dicting coalescence stress for porous materials developed recently [52, 58, 59] consider cylindrical voids in
cylindrical unit cells, as the one used in this study [46], which poses some difficulties when applied to other
configurations, such as orthorhombic lattice of spheroidal voids in this study. As proposed initially in [52],
a parameter qχ may be introduced to go from one configuration to the other. However, a strong dependence
of the onset of coalescence to this parameter was observed in this study. The effect of void distribution on
coalescence stress should be investigated in more details, as for example initiated in [57].
The application of the homogenized model described in this study is at first sight restricted to the case
of nanoporous materials for which the contribution of the interface should be taken into account due to
the presence of interface stresses / surface tension. The underlying physics correspond to the modelling of
nanoporous materials initiated in [42] and lead to the yield criteria used in this study [43, 46]. However,
such models can be used to describe phenomenologically porous materials where size effects are expected
through the proper calibration of the interfacial strength Γ. Size effects for porous materials are expected
from numerical simulations due to the presence of Geometrically Necessary Dislocations and modelled
through strain-gradient plasticity [30]. Typical porous unit cell simulations results are for example provided
in [29] where it is observed higher yield stress and delayed coalescence as the characteristic lengthscale
introduced by the strain-gradient model decreases, in a very similar way as what is observed in this study
considering interfacial dissipation. Therefore, the dimensionless interfacial strength Γ could be considered
as a parameter representing, in a simplified way, the additional hardening occurring close to the void matrix
interface due to the presence of GNDs. It is expected that a proper calibration of Γ with respect to the
characteristic lengthscale used in strain-gradient model should lead to predictions in good agreement with
the results shown in [29].
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5. Conclusion
A size dependent homogenized model for isotropic porous materials is described in this study based on
yield criteria derived for nanoporous material in growth [43] and coalescence [46] regimes, and adding evo-
lutions laws for the hardening, porosity, cell and void aspect ratios. The latter has been calibrated through
comparisons to reference finite strain porous unit cell simulations incorporating interfacial stresses. A good
agreement between the predictions of the homogenized model and the reference simulations regarding stress,
porosity and void shape is obtained under axisymmetric loading conditions over a large range of interfacial
strength. Two phenomenological parameters, denoted qW and qχ and classically used to improve the predic-
tions of porous material yield criteria, have been also calibrated but should be the subject of further studies.
In particular, a rather strong dependence of the predictions to the parameter qχ has been observed, and deeper
investigation is therefore necessary to better assess the effect of void distribution on coalescence. The ho-
mogenized model can be used to describe porous materials once calibrating the interfacial strength, either
based on lower scale simulations or directly from experiments which are still lacking in the literature and
deserve more attention.
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6. Appendix A
The geometrical parameters involved in the growth yield criterion (Eq. 4) are detailed in Tab. 1.
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Prolate void Oblate void
Void aspect ratio W
a1
b1
Porosity f a1b21/a2b
2
2
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√
a21 − b21 =
√
a22 − b22
√
b21 − a21 =
√
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c
a1
c
b1√
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(tanh−1(e) − e) e − sin
−1(e)
√
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
u1 / u2
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/
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ζ ζ =
κ2(1 + g)( f + g)(α2 − α1)2
(1 − f )2
γ
1
W2 − 1
(
1 − 3V1
aS 1
)
µ
W2
W2 − 1(1 − 3γ)
U 1 − 3α1 − f (1 − 3α2)
h1 (3γ + 3µ − 2)U2 + 2(3γ − 1)U + 4
h2 f 2(3γ + 3µ − 2)
h3 f (3γ + 3µ − 2)U + f (3γ − 1)
X(ξ)
√
(1 − ζ)(ξ + (1 − 3α2))2
Y(ξ) [3 + η(1 − 3α2) + ηξ]/ f κ
Z(ξ)
√
h1 + h2ξ2 + 2h3
U(ξ) f
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sinh−1
(
uY(ξ)
X(ξ)
)]u2
u1
V(ξ) f

√
X2(ξ) + u2Y2(ξ)
uX2(ξ)
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u2
u1
β1
[
e1 − (1 − e21)tanh−1(e1)
]
/2e31
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√
1 − e21sin−1(e1)
]
/2e31
β2 (1 + e22)/(3 + e
4
2) (1 − e22)(1 − 2e22)/(3 − 6e22 + 4e42)
Table 1. Geometrical parameters involved in Eq. 4, taken from [2, 43]
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7. Appendix B
The parameter qW involved in the definition of the effective porosity in the growth yield criterion (Eq. 4)
is taken from [51] for Γ = 0, with a multiplicative term to account for the interfacial strength:
qW = (1 + 0.47Γ)
[
tan−1(4(2.5 − T )) |b − 1|
pi
+
b + 1
2
]
(32)
where T is the stress triaxiality, and b = 1+(0.655−1.75m−0.544 4√ f ) (0.5 + [atan(2(1 − S ))]/pi − 0.0288 exp (−1.08(0.2 + S )),
f the porosity, m the hardening exponent and S = lnW with W the void aspect ratio.
The heuristic correction for the evolution of the void aspect ratio in the growth regime has been calibrated
against comparisons to unit cell results, and the final form is:
W =
[√
1.85Γ(1.85 − T 0.87 + 1)
] [
1 − 2(1 − √Γ)3 tan
−1 (2 lnW)4
pi
]
[2 − T 2.15 + (T 2 − 1)e1] (33)
In particular, for Γ = 0 and spherical voids W = 1, Eq. 33 reduces to:
W = 2 − T 2.15 (34)
which is close to the original expression proposed in [60].
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